Abstract. For a finite reflection group W and parabolic subgroup W J , we establish that the quotient of Poincaré polynomials
Introduction
The t = −1 phenomenon, which has been studied by Stembridge [4, 5] , is said to occur when one has a finite set X equipped with an involution θ : X → X and an integer-valued function | | : X → Z such that the generating function polynomial x∈X t |x| counts the number of fixed points of θ when evaluated at t = −1. Stembridge studied the t = −1 phenomenon while working in the context of representations of Lie algebras. His main result [5] shows that certain specialization polynomials when evaluated at −1 count the number of weight vectors fixed by a map called Lusztig's involution, which is intimately connected to the longest element of the corresponding Weyl group. This paper presents a result similar to that of Stembridge in the setting of reflection groups. An understanding of reflection groups and representations of Lie algebras is all we assume. For reference, the reader may refer to Chapter 1 of Humphreys [2] and Chapters 3 and 6 of Humphreys [1] .
Let (W, S) be a finite reflection group with simple reflections S, and let denote the set of corresponding simple roots. Let and + denote the set of all roots and the set of all positive roots respectively. For any subset J ⊆ S, one may form the parabolic subgroup W J generated by the simple reflections in J . Now each left coset wW J has a unique element of minimal length. These coset representatives of minimal length are called distinguished representatives. Let W J be the set of distinguished representatives for W J ⊆ W . Let P J and N J denote the number of elements in W J of even and odd length respectively, and let
and general, does not appear to include Theorem 1 in any obvious way, for in working with the canonical basis and quantum groups, one assumes the crystallographic condition on the root system. At any rate, no knowledge of quantum groups is assumed here.
Let (W, S) be an irreducible finite reflection group with simple system S. Let J ⊆ S be a maximal subset, that is, |J | = |S| − 1. In this situation Tan [6] The following are the key multiplicative lemmas that will allow reduction to the case J ⊆ S with J maximal. [6] 
Lemma 1 (Tan
Thus W J (−1) = S J holds for any finite reflection group (W, S) with J ⊆ S maximal. Finally, let (W, S) be any finite reflection group and J ⊆ S and subset. There is a sequence of subsets
Minuscule representations
This paragraph summarizes some of the notation and well-known facts from the representation theory of Lie algebras. Let L denote a simple Lie algebra over the complex numbers C. (α i ,α i ) , ω i ) = 1. Throughout the rest of the article, let us assume the numbering of the simple roots as in Humphreys [1] . For any root β ∈ , letβ denote 2β (β,β)
. Let λ be a dominant weight, and let W J = W λ be the parabolic subgroup of W that fixes λ. Let V (λ) be the irreducible representation with highest weight λ, (λ) the set of weights appearing in V (λ), and V (λ) µ the weight space of weight µ in V (λ). The real Euclidean vector space may be thought of as the real span of the fundamental weights. Letρ denote the expression
. At a later point in this section, we shall need the following length lemma:
Lemma 3 (Length Lemma
Recall the polynomial W J (t) = w∈W J t l(w) and form the expression
, which Stembridge introduced in [4] . Observe that if µ appears in (λ), then w 0 µ ∈ (λ) and λ − w 0 µ is a Z ≥0 -linear combination of simple roots. It follows that (λ − w 0 µ,ρ) ∈ Z ≥0 since (α i ,ρ) = 1 for each simple root α i . Thus f λ (t) is a polynomial. It will turn out that for certain λ, namely the minuscule weights, we have f λ (t) = W J (t) for some subsets J . A dominant weight is called minuscule if (λ), the set of weights appearing in V (λ), forms a single Weyl orbit. Equivalent formulations, which can be found in Humphreys [1] , include a) (λ,α) = 0, 1,or −1 for all roots α; and b) if whenever µ is a dominant weight with λ − µ ∈ Z ≥0 -linear combination of simple roots, λ = µ. The representation corresponding to a minuscule weight is also called minuscule. Certainly the trivial representation, corresponding to λ = 0, is minuscule. The remaining minuscule weights have all been classified [1] for simple Lie algebras L as follows:
The algebras E 8 , G 2 , and F 4 have no nontrivial minuscule weights. From now on, minuscule weights will be assumed nonzero unless stated otherwise. Notice that since (λ) forms a single Weyl orbit, the dimension of each weight space of V (λ) is 1. Since the minuscule weights in the table are all fundamental weights, W J = W λ will be such that J ⊆ S is maximal.
Let us return for the moment to (W, S), a not necessarily irreducible finite reflection group. Proof: From the equivalent formulations of minuscule found in [1] we have that for any β ∈ , that (λ,β) = 0, 1, or −1.
Lemma 4
. Let λ be minuscule, and assume w ∈ W J where
Proof: Induct on l(w). If l(w) = 0, then w is the identity and the result is obvious.
Suppose l(w) = n > 0. Take a reduced expression of simple reflections for w, w = s i 1 s i 2 · · · s i n , where s i j denotes the simple reflection corresponding to the simple root α i j .
But by the length lemma, (s i 2 · · · s i n )
Proposition 2 Let λ be minuscule and assume W J = W λ is the parabolic subgroup fixing λ. Then f λ (t) = W J (t).
Proof: Since the dimension of each weight space is 1,
where w 0 and w
If λ is minuscule, the representations with highest weights mλ where m is a nonnegative integer have a very nice basis labeling due to a result of Seshadri. Both Stembridge [4] and Proctor [3] study the combinatorial properties of this labeling. Let λ be minuscule and let W J = W λ be the parabolic subgroup fixing it. Seshadri's monomial result states that a weight basis for V (mλ) is indexed by weakly increasing sequences of length m in W/W J : τ 1 ≤ τ 2 ≤ · · · τ m . The weight for the vector indexed by such a sequence is simply
The main result of Stembridge [4] involves a natural involution of sequences of length m given by
Stembridge proves that f mλ (−1) is the number of weakly increasing sequences of length m in W/W J fixed by this involution. Because of the above proposition, Stembridge's result can be restated in the following way in the particular case where m = 1. Let s i be the unique simple reflection in S − J , and α i the corresponding simple root. Let r be the rank of (W, S), and for j = 1, 2, . . . , r, let H j denote the hyperplane ⊥ α j . In other words, H j = {µ ∈ V | (µ, α j ) = 0}, where V is the real Euclidean space upon which W acts. The r −1 hyperplanes H j where j = i intersect in a line. As a result, we may find λ ∈ V such that (λ, α i ) > 0 and (λ, α j ) = 0 for all j = i. For example λ = ω i will work when the reflection group is a Weyl group. Evidently W J = {w ∈ W | wλ = λ}. Then W/W J is in one-to-one correspondence with the W -orbit of λ.
A r : Every W J where J ⊆ S maximal is the fixer for some ω i , a fundamental weight. In the A r case, each fundamental weight is minuscule, and by Claim 3, W J (−1) = SJ . B r ; D r , r even; E 7 ; E 8 ; F 4 ; H 3 ; H 4 ; I 2 (m), m even: In these cases, (0) is the only vector which can possibly be fixed by w 0 = −1. However, W λ does not contain (0) since λ has nonzero length. Hence SJ = 0 in all these cases, matching the result of Tan for W J (−1). D r , r odd: Let ε 1 , ε 2 , . . . , ε r be an orthonormal basis with respect to ( , ). Let = {α 1 = ε 1 −ε 2 , α 2 = ε 2 −ε 3 , . . . , α r−1 = ε r−1 −ε r , α r = ε r−1 +ε r } be the simple roots. The group W may be thought of as acting on the ε's by signed permutations with an even number of sign changes. The longest element of W sends the ε i to −ε i for i = 1, 2, . . . , r − 1 and fixes ε r . Each of the fundamental weights ω i may be expressed in terms of the ε's as follows:
. . . 
